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Abstract. The explicit expressions of the representation functions (D-functions) for Jordanian
quantum group SL,(2) are obtained by combination of tensor operator technique and Drinfeld
twist. It is shown that the D-functions can be expressed in terms of Jacobi polynomials as the
undeformed D-functions can. Some of the important properties of the D-functions for SLj(2)
such as Wigner’s product law, recurrence relations and RTT-type relations are also presented.

1. Introduction

It is known that quantum deformation of Lie group G L(2) with central quantum determinant
is classified into two types [1]: the standard deformation GL,(2) [2] and the Jordanian
deformation G Lj,(2) [3-5]. The representation theory of G L, (2) has been studied extensively
and we know that its contents are quite rich (see, for instance, [6,7]). On the other hand,
the representation theory of GL;(2) has not been developed yet. There are some works
studying differential geometry on the quantum /-plane and on SL;(2) itself [8]. However,
the representation functions for G L, (2), the most basic ingredient of representation theories,
have not been known. Recently, Chakrabarti and Quesne [9] showed that the representation
functions for two-parametric extension of GLj(2) [5, 10] can be obtained from the standard
deformed ones via a contraction method and gave the explicit form of the representation
functions for some low-dimensional cases. In [11], the present author shows that the Jordanian
deformation of symplecton for s/(2) gives a natural basis for a representation of SLj;(2) and
he also gives another basis in terms of the quantum /4-plane.

The purpose of this paper is to obtain explicit formulae for S L; (2) representation functions
using the tensor operator technique and to investigate their properties. Representation functions
are also called Wigner D-functions in physicist’s terminology. We use both terms and restrict
ourselves to the finite-dimensional highest-weight irreducible representations of SLj;(2) in
this paper. In order to make a comparison between D-functions for SL,(2) and SL;(2),
let us recall some known properties of D-functions for SL,(2)%: (a) Wigner’s product
law [13], (b) recurrence relations [13, 14], (c) orthogonality (d) RTT-type relations [14],
(e) the fact that D-functions can be written in terms of the little g-Jacobi polynomials [15]
and (f) the generating function [16]. We will show that many of these have counterparts in
the representation theory of SL;(2). The only exception is the generating function, which is
T Present address: Arnold Sommerfeld Institute for Mathematical Physics, TU Clausthal, Leibnizstr. 10, D-38678
Clausthal-Zellerfeld, Germany. E-mail: ptaizawa@pt.tu-clausthal.de.

1 For the D-functions for SL,(2), see [12].
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not presented in this paper. Of course, this does not mean that the generating function for the
D-functions of SL;,(2) does not exist.

The plan of this paper is as follows: we present the definitions of SL;(2) and its dual
quantum algebra U, (s/(2)) in section 2. In section 3, before deriving the explicit formulae
for the representation functions, we discuss general features of them which are valid for any
kind of deformation of SL(2) under the assumption that the representation theory of the dual
quantum algebra has a one-to-one correspondence with the undeformed s/(2). Then we give
the recurrence relations for SLj(2) D-functions. Section 4 briefly reviews the D-functions
for Lie group SL(2) (and GL(2)). We emphasize that the D-functions for GL(2) form, in
a certain boson realization, irreducible tensor operators of the Lie algebra g/(2) & g/(2). In
section 5, a tensor operator technique is used to obtain the boson realization of the generators
of the Jordanian quantum group G L, (2); it is then generalized to obtain the D-functions for
GL;(2). We shall apply the same technique to show that the D-functions for SL;(2) can
be expressed in terms of Jacobi polynomials. This method will be applied to obtain a boson
realization for two-parametric extension of the Jordanian deformation of G L(2) in section 6.
Section 7 contains concluding remarks.

2. SLy(2) and its dual

The Jordanian quantum group G Lj(2) is generated by four elements x, y, # and v subject to
the relations [3-5]

[v, x] = hv? [u, x] =h(D—x2)

[v.yl=m?  [u,y]=h(D ~y" @.1)

[x, y] = h(xv — yv) [v, u] = h(xv +vy)
where D = xy — uv — hxv is the quantum determinant generating the centre of GL;(2).
This is a Hopf algebra and Hopf algebra mappings have a similar form as GL,(2). However,
explicit form of the mappings is not necessary in the following discussion. By setting D = 1,
we obtain SLj(2) from GL;(2).

The quantum algebra dual to GLj(2) is denoted by U, (gl(2)), and defined by the same
commutation relations as the Lie algebra gl(2)

[Jo, Jo] = £2J4 [Je, J-1= [Z,e] =0. 2.2)
However, their Hopf algebra mappings are modified via twisting [17] by the invertible element
F € Un(gl(2))®* [18]

F=exp(—1Jy®o0) o =—In(1 —2hJ,). (2.3)
The coproduct A, co-unit € and antipode S for U4, (gl(2)) are obtained from those for g/(2) by

A= FAgF! €=¢ S = puSop ! (2.4)

where the mappings with subscript 0 stand for the Hopf algebra mappings for g/(2). The
elements 1 and u ™! are defined, using the product m for gl (2), by

p=m(id ® So)(F) pw = m(S @id)(F ). (2.5)

The twist element F is not dependent on the central element Z so that the Hopf algebra
mappings for Z remain undeformed. Therefore, the Jordanian quantum algebra obtained by
the twist element (2.3) has the decomposition U4, (gl (2)) = U, (s1(2)) & u(1). The Jordanian
quantum algebra U}, (gl (2)) is a triangular Hopf algebra whose universal R-matrix is given by
R = FpF .
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It is obvious, from the commutation relation (2.2), that 4, (g/(2)) and g/(2) have the same
finite-dimensional highest-weight irreducible representations. Furthermore, we can easily see
that tensor product of two irreducible representations (irreps) is completely reducible and
decomposed into irreps in the same way as gl(2), since the Clebsch—-Gordan coefficients
(CGCs) for Uy, (gl (2)) are the product of the ones for g/(2) and the matrix elements of the twist
element F. For the U, (sI(2)) sector, this is carried out in [19]. The CGCs for U4, (sl(2)) in
another basis are discussed in [20].

Let A, € be the coproduct and co-unit for G L, (2), respectively. We use the same notation
for the Hopf algebra mappings of both GL,(2) and U} (gl(2)); however, this should not
cause serious confusion. A vector space (representation space) V is called the right GL,(2)
comodule, if there exists amap p : V — V ® GL;(2) such that the following relations are
satisfied:

(p®id)op=(dy ® A)op (idy ® €) o p =idy (2.6)
where idy stands for the identity map in V. The left comodule is defined in a similar manner.
Using the bases {¢;||i = 1,2, ..., n} of V, the map p is written as

p(ei) :Zej@)Dji. (27)

J

It follows that the relation (2.6) are rewritten as
ADy) =) Dyu®Dy  €(Di) =35 2.8)
k

We call D;; € GL;(2) satisfying (2.7) and (2.8) the D-function for GL;(2).

3. Properties of D-functions

3.1. Wigner’s product law and RTT-type relations

Before deriving the explicit formulae for SLj,(2) D-functions, we discuss some important
properties of D-functions such as Wigner’s product law, recurrence relations, RTT-type
relations and so on, using the definition of the universal 7-matrix [21,22]. The explicit
expression of the universal 7'-matrix is not necessary. The universal 7 -matrix for the standard
deformation of G L(2) is given in [22], while it is not known for the Jordanian deformation of
GL(2).

The discussion in this section is quite general. We present it so as to be applicable to any
kind of deformation of SL(2) (standard, Jordanian, two-parametric extension, anything else
(if any)). Then, in section 3.2 we give the results explicitly for the Jordanian deformation of
SL(2). It will also be seen that the discussion is easily extended to other groups.

Let G and g be deformation of Lie group SL(2) and Lie algebra s/(2), respectively. The
duality between G and g are expressed, by choosing suitable bases, in terms of the universal
T-matrix [22]. Let x* and X, be elements of a basis of G and g, respectively. They are chosen
as follows: the product is given by

xxf = " hePxr XaXp =Y flsX, (3.1)
¥ Y
and the coproduct is given by
A=) foxP@x’ A=) hTX®X,. 3.2)
By By

Then the universal 7-matrix 7 is defined by
T=> x"®Xa. (3.3)
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We assume that the deformed algebra g has the same finite-dimensional highest-weight
irreps as s/(2): that is (1) each irrep is classified by the spin j and a irrep basis |jm) is
specified by j and the magnetic quantum number m, and (2) tensor product of irreps j; and j,
is completely reducible:

Ji®p=j+p®h+p—1& - &|ji—pl
We further assume that vectors | jm) are complete and orthonormal. Then the D-functions for
G are obtained by

D)y = (jm'|T1jm) =y x“(jm'|Xy| jm). (3.4)

For the standard two-parametric deformation of G L(2), the RHS of (3.4) was computed and
it was shown that (3.4) coincided with the D-functions obtained by another method [23]. In
our case, we show that the D-functions (3.4) satisfy (2.8) by making use of relations (3.1)
and (3.2). The coproduct of D;,, , is computed as

AL =Y AGOGM [ Xaljm) = xF @ x7(jm'| XX, | jm)
o B,y

= > xP @xV(jm'|Xpljk)(jKIX,|jm) =Y D), ®DL,.
B.v.k k

To compute the co-unit for Di,’m, we use the identity obtained from the definition of co-unit:
D f5 e = x. (3.5)
By

Using this relation, the universal 7-matrix is rewritten as
T=>x"®Xa=Y f5,e0MHx’@Xa=) etPx’ @ XX,
o

= (Ze(xﬂ) ® Xﬁ>T.

B
It follows that

(Ze(xﬂ)@oxﬁ) = (e ®id)(T) = 1. (3.6)
B

Therefore, the co-unit for D-functions is
(D), ) = (jm'|(e ®id)(T)|jm) = (jm'|jm) = S m.
We first show that the D-functions (3.4) satisfy analogous relations to Wigner’s product
law. Let us denote the CGC for g by Q7,757 ., i.e.

Grj)gm) = Y Q2T |jimy) @ |jama). 3.7)

mp,my

We write the inverse of the above relation as follows:

ljimy) @ joma) = Y GBI |(jij2)jm). (3.8)
j.m

Then the following theorem is an analogue of Wigner’s product law.
Theorem 3.1. The D-functions for G satisfy the relation
Jo Juind i i J
SJ’j'Dm’,m - Z Uk]],kz,m’QiQ],jmzj,m,Dk:,mlDk;mz' (39)
ki ka,my,my
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Proof. Because of (3.1) and (3.2), one can show that

(d ® A)T) = Zxaxﬂ ® X, ® Xgp (A ®id)(T) = Zx“ ®xf ® X, X5 (3.10)
a,p a.p

It follows that

@ ADIGij)jm) = Y Qi x*xP @ Xyl jimy) ® Xl joms). (.11)

a,B,my,m;

The LHS of (3.11) is rewritten as
> D), ®1Gijm)y = Y QDL @ Lik) ® |jaka).

m' m’ ky,ky

The RHS of (3.11) is rewritten as
Do Qibind ik | Xaljim) (Gakal Xl joma)x“xP @ |jiki) ® | jaka)
= > Qi D' DE ®|jiki) ® | jaka).

Thus we obtain

E Jisi2sd myJ _ Jisj2sj Ji J2
le,kg,m’pm’,m - Z Qn;mznz,mpkl,mlpkz.mz' (312)
m’ my,my
Using the orthogonality of Q,’n',’f,,z’m and UQ;;if,;‘zi,m, the theorem is proved. O

Corollary 3.2. The D-functions also satisfy the following relations:

Jisd2sd 1y _ Jisjasd Ji J2
Zleqkz,m’IDm’,m - Z Qm1,ﬂlz.ka1,m1Dk2,m2 (3.13)
m’ my,my
Jtsjasd J _ JusJ2d gy J2
ZOmI,mz,mDm’,m - Z Ukl,kz,m/Dkl,WI]Dkz,mz (314)
m ki,ko
Ji 2o 2: Jiojad  Qiizd i
Dkl.mIDkz,mg - Um],mz,mSzkl,kz,m’i)m’,m' (315)
Jj.m,m’

Proof. Equation (3.13) has already been obtained in the proof of theorem 3.1, see (3.12). The
others can be obtained from (3.13) by the orthogonality of 2 and O. 0

For G = SL,(2) and g = U, (s1(2)), the CGCs 2, U are given by the g-analogue of
the CGC of sI(2): Qui/mlim = Omilmim = 4Ciniimim. From (3.9) and (3.13)—(3.15), the
recurrence relations and the orthogonality of SL,(2) D-functions are obtained [6,13,14].

Next we show that the D-functions (3.4) satisfy the RTT-type relation.

Theorem 3.3. The D-functions for G satisfy
2R Pnk Ditty = D D D RIS (3.16)
S1,82 51,82

where (Rj‘*jz)f,;;ffnz are the matrix elements of the universal R-matrix for g:

(RIVEY2 = (jimi] ® (ama|Rljis1) ® |jasa).

Remark. For j; = j, = %, the matrix elements for R are evaluated in the fundamental
representation of g. Therefore, (3.16) is reduced to the defining relation of G in FRT
1

formalism [2]. This implies that D”Z,’m are generators of G.
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Proof. The relation (3.16) can be proved by evaluating matrix elements of the RTT-type
relation for the universal 7-matrix [24]. We define

Ti=) 2*®X®l T=) r"®leX.

Then
Th=) > @X.®Xp=) x*®A(Xy)
a,p @
7—2’]—1 = Zxﬁxa ® Xa ® Xﬁ = Zxa ® A/(Xot)

o, B o
where A’ stands for the opposite coproduct. It follows that

LT =) x*@RAXHR ™.
(3

Thus we obtain
1ORTIL=D0TL(1®R).
Evaluating the matrix elements on 1 ® |j1k1) ® | j2k»), the theorem is proved. O

For G = SL,(2), the relaiton (3.16) was proved by Nomura [14]. However, theorem 3.3
shows that (3.16) holds for any kind of deformation of SL(2). In [14], the D-functions for

SL,(2) are interpreted as the wavefunctions of quantum symmetric tops in noncommutative
space.

3.2. Recurrence relations and orthogonality-like relations

In this section, the recurrence relations and the orthogonality-like relations of the SL;(2) D-
functions are derived as a consequence of the theorems in the previous section. It is known

that the CGCs for Uj, (s(2)) are given in terms of the CGCs for s/(2) and the matrix elements
of the twist element F

Jisasd  — E Jusd2sd (g disJ2si.s2
lemesm - CSM‘zJﬂ(F )ml,mz (3.17)
51,52

where CJ/'J2;# is the CGC for s1(2) and (F/1"2)31:% is given by

my,m
(FIRRyss = (i mi] @ (o, mal Flji. s1) ® |jas 82).
The explicit formula for (F/-/2)3+ "and the next relation are found in [11]:
(FIe ), = (R, (3.18)
The CGC:s for Uy, (s1(2)) satisfy the orthogonality relations [20] because of
Opend = (=DiRmiQiuRT = N el (P (3.19)

§1,82,m 51,52
51,52

The relation (3.18) and the well known property of the s/(2) CGC are used in the last equality.
Note that we have known the following fact because of the remark to theorem 3.3.

1
Proposition 3.4. D, are the generators of SL;(2)

2 2 =<x u) (3.20)
D2 D2 vy
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Let us consider the case that j; is arbitrary and j, = % in order to derive the recurrence
relations for SLj;(2) D-functions. In this case, the F-coefficients have a simple form:

Y Wl],l
(Fjl’z) 2 = Skl ml(skz 1
my,—

(Fjl )kl k, (Skl ,,1]((31<2 _l —2mlh8k 1)

((F~! )J"Z):'nll’"l2 = 3,71],,1](8"2 1 +2mhd,, %)
’2

—1 j,l ny,ny  __
((F ) ! z)ml.—% - 6’”1*"15@,7%-

One can use Wigner’s product law, expressed in the form of (3.13) and (3.14), to derive
the recurrence relations for D’ » Which are reduced to the known recurrence relations of the
SL(2) D-functions in the hmlt of h=0.

Proposition 3.5. The SL;,(2) D-functions satisfy the following recurrence relations:
(i) Jj+kDL, —Qk—DhJ/j—k+1D]_,
_1 ,l
=,/j+mD; L x+j—mDF (= (2m+ 1)hx)
—2Mme3 —3Mmts
. i1 i1
() j—kD, = j+mD’ ;m (v j—mDL;m%(y—(zmH)hv)
. i1
(i) j+nDj, =j+mD (4 @m— Dho) + j—mD: v
=3 mtz.n—3
(IV) \/] —n mn+ \% ] +i’l(2i’l+1)th n+l
_1
j+mD’Jnin+l(u+(2m—l)hy)+ j— Dj+2n+1y
2’ 2
Vi —k+1D], + 2k — Dh/j+kD]_, ,
j—m+1D 3 x—j+m+ 1D (u— 2m+ 1hx)
M3 —3 Mty
. 1
i) j+k+1D], =~ j—m+1Dli:;m_%v

i+l
+ j+m+11)]i+l2 (y — @2m+ Dhv)

+3.m+5
.. . i T j+% _
(i) j—n+1D,  =+j—m+ le_%’n_%(x + (2m — 1)hv)
- j+i
]+m+1D 2qn_%v

(viii) Vj+n+1D},, —j—nQn+ 1)th el

=—,/j—m+1z>+_l o1+ @m = Dhy) + T+rm+1D Ly
2

+n+

Proof. Put j, = % j=ji+ % in relation (3.13), then
4l el
Vir+ki +1D,70 +jr =k + 18y, -1 — 2kihs, DD,
2
_ : 1 Ji 2
_1/]]+m+2D Dk22
1 1
/. 1 7yt 2 3
+/j1—m+ EDkl,er%(Dkz’_% —(C2m+ l)thzz,%).

,m
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Replacing j; + % and k| + % with j and k, respectively, we obtain

Vi+k, D], +\i—k+1(5, 1 — @k —Dhs, )D]_,,

. 1 1
: /72 3 i3 2 2
]+ka7%’m 2D7 LV Dk e %(Dkzyié—(2m+l)th2’%).
The recurrence relations (i) and (ii) are obtained by putting k, = % and k, = —%, respectively.

We repeat a similar computation for (3.14). We put j, = %, j=J+ % in (3.14), then
rearrange some variables. We obtain

Vi+n{s,, 1 +@n—Dhs,, VD), +Vji—n+15, D) |

1 1
2 2 _ 2
]+mDm %,n—%{D‘, + (2m l)hD_%m}
it ph
+ ]—mDer%qni%Di%’nz.

The recurrence relations (iii) and (iv) correspond to the cases of n, = % and n, = —%,
respectively.

The recurrence relations (v)—(viii) correspond to j, = %, j=Jji— % In this case, after
rearrangement of variables, (3.13) yields

Vi—k+18, D], —\/j+k(, _y — 2k —Dhé, DD,
ipl 1 oL
=j—-m+ mﬁém_%%’% - \/WDk’ Ll

+32

1 L
x(D! | —@m+DhD; ).
2,73 2,3

—1 we obtain the relations (v) and (vi), respectively. The relation (3.14)

Putting k, = % and 2

yields

Vi=n+1G,, 1 +@n—Dhs,, D), —j+nd, 1D,
i+l

=j-m+1D" (D

1
2 ny

+(Qm — 1)hD2 W)

ol N\—‘N\.—

: j+3
j+m+1D % | D*, .
mtz.n—5  —3,n2

The recurrence relations (vii) and (viii) are obtained as the cases of n, = % and n, = —%,
respectively. g

It is possible to obtain the explicit form of D-functions for some special cases such as
D,jn o jm by solving these recurrence relations. However, it seems to be difficult to derive
formulae for Di/’m for any values of j, m’ and m. We will solve this problem by using the
tensor operator approach in section 5.

The orthogonality-like relations for Di,’m can be obtained from (3.13) and (3.14).

Proposition 3.6. The D-functions for SLj,(2) Dm m satisfy the orthogonality-like relations
which are reduced to the orthogonality relations of SL(2) D-functions in the limit of h = 0:

> COOTER) D], D, = (FIEE (3:21)
nmip,mjp
Yo (=nymThFE Yy D)L DL = ((FTH (3:22)

k1,k2
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Proof. Consider the cases of j = 0, j; = j, in (3.13) and (3.14). Writing j; = j, = j, they
yield

E J.J,0 J J _ 00
Ql1zl,m2,0Dk1,m1Dkz.mz - le,kz,()
miy,my
J.J,0 J J R TYNAY
Z Ukl’kLODqumleLmz - Uml,mz,O'
ki,k2

The CGCs are given by
0= ST, L=

and
(FI )y = Ssm (jmale™1j =) (F7H)I = 8, (j — s1e™7 | jma).
Then the proof of proposition 3.6 is straightforward. ]

4. Review of S L(2) representation functions

This section is devoted to a review of the D-functions for Lie group SL(2). In particular, we
focus on tensor operator properties and the relationship to Jacobi polynomials. We write the
D-functions for SL(2) in terms of boson operators. This makes the tensorial properties of
D-functions clear.
Let aij , Zzij , 1, J € {1, 2} be four copies of a boson operator commuting with one another,

ie.

. afl =848 [d].af]=1al.a{]=0. 4.1
It is known that the Lie algebra gl(2) @ gl(2) is realized by these boson operators. The left
(lower) generators are defined by

Eij =ala} +a]a; 4.2)
and the right (upper) generators are defined by

EY = dlal +dial. 4.3)
Then both left and right generators satisfy the g/(2) commutation relations and, furthermore,
LEij, E**] = 0. Each gl(2) has decomposition g/(2) = sI(2) @ u(1). The left and right s/(2)
are generated by

Ji = Ey J-=En Jo=Exn — En (4.4)
and

K, =E"? K_=E" Ko=E'" — E*? 4.5)

respectively, and u(1) sectors by Z; = —E;; — E» and Zg = E'! + E?2. This choice of
generators may be different from the usual one (see, for example, [6, section 4.4]). However, it
is a suitable choice for twisting discussed in the next section. Note also that, in this realization,
Z; = —Zg. Therefore, strictly speaking, this realization is not the direct sum of two copies
of gl(2). ‘

The D-functions for Lie group GL(2) can be given in terms of a;:

(ahX @)t @HM @)™

K!LIM!N!

DO = ((j+m)IG = m)IG +m)lG =2 Y
K,L,M,N

(4.6)
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where the sum over K, L, M and N runs non-negative integers provided that
K+L=j+m M+N=j—m

Ly . 4.7

K+M=j+m L+N=j—m.

We obtain SL(2) D-functions by imposing ala; — aia? = 1.
It is not difficult to see that D-functions (4.6) form the irreducible tensor operators for
both left and right g/(2), i.e.

[Je, Dy = /(£ m)(j Fm' + 1D,

©)) 0 o ) (4.8)
[Jo.D,, 5,1 =—2m'D,}, (Z.. D, 5] = —2jD,.",
and
0)j . . 0)j
(K. DY 1= (i Fm)(jE£m+ 1Dy .,
) ) 0 Y (4.9)
[Ko, D, ] = 2mDm,7m [ZRr, Dm,’m] = 2J'Dm,’m.

It is well known that the D-functions for SL(2) can be expressed in terms of Jacobi
polynomials. The Jacobi polynomials are defined by

(—n),(x+B+n+1), .
(a,8) _ 7
Err@ = ;O D@+, © (“+-10)

where (@), stands for the sifted factorial

(@), =a(@+1)---(@+r—1).

For the case of SL(2), we have the relation aja3 = 1 + aja;. Using this, the D-functions are
expressed form’ +m > 0, m’ > m:

. . 172
©)j +m’ —m Lo’ m— C——
Puiin = Knjz - m) <njw o >} (a)" " @}y P, () (4.11)
where z = —a%a%. We have similar relations for other cases.

5. Representation functions for SLj(2)

5.1. Explicit formulae for D-functions

We saw, in the previous section, that the D-functions for G L(2) form the irreducible tensor
operators of both left and right g/(2). This fact leads us to the expectation that the D-functions
for G L, (2) also form the irreducible tensor operators of left and right 4, (g1 (2)). Itis known that
the tensor operators for U4, (g/(2)) can be obtained from the ones for g/(2) by twisting [11,25].
Therefore, we may obtain the D-functions for GL;(2) from the one for GL(2) by twisting
twice. The irreducible tensor operators for U, (g/(2)) are defined by replacing the commutator
in the LHS of (4.8) and (4.9) with the adjoint action. Lett be a any tensor operator for U4, (gl (2))
and X € U;,(gl(2)), then the adjoint action of X on ¢ is defined by [26]

adX () =m(id ® S)(AX)(E® 1)). 5.1

The tensor operators t for U4, (g/(2)) and the tensor operators ¢ for g/(2) are related via the
twist element F by ([25], see also [11])

t=m@id @ S)(Ft? @ HF). (5.2)

Note that g/(2) and U,(gl(2)) have the same commutation relations so that the
realization (4.2), (4.3) is the realization of U, (gl (2)) as well. We consider the tensor operators
under this realization of U, (gl(2)).
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Let us first consider the simplest case: j = % What we obtain in this case from (4.6), (4.8)
and (4.9) is that the pairs (al‘, azl), (af, a%) are spinors of the left g/(2) and the pairs
(a,1 , alz), (aé , a%) are spinors of the right g/(2). Namely, each boson operator ai’ is a component
of spinor for both left and right g/(2). This fact tells us that, by twisting via the elements

Fr =exp(—3Jo ® 1) Fr = exp(—1Ko ® og) (5.3)

with o, = —In(1 —2hJ,),or = —In(1 —2hK,), we obtain a element of spinor for both left
and right U}, (s/(2)). To this end, it is convenient to rewrite (5.2) in a different form. Let us
write the twist element and its inverse as

f:Zfa®fa ]_——lzzga@ga

a

then

=Y fSof)  mT =) S8

Noting the identity

> & uSo(gr) =Y " fSo(gpfa) = m(id ® S)(F ' F) =1
the relation (5.2) yields
t=> ft0"S(fugy) =Y ftOuSo(fugr)n™ =Y fOSo(fuou". (5.4)
From (5.4), the twisting by F, reads

n i k
i% (—%) Jial Soto)u™ = af k; (_kl,) : (—%) (o)
= a/ exp{(—=1)'01/2}.

We used the fact that S(o;,) = —o in the last equality. To twist the above-obtained result by
Fr, we can repeat a similar computation. Then we have the doubly twisted boson operators

al exp{(=1) op/2+ (—1) g /2). (5.5)

The commutation relations of the twisted boson operators (5.5) are obtained by straightforward
computation, showing that the twisted boson operators give a realization of the generators of
GL,(2).

Proposition 5.1. Let

x = alle(—ﬂL+<7R)/2 u = alze—(GL+lTR)/2 (5.6)
v = azle(UL+0'R)/2 y = age(aL*UR)/z :

then, x, u, v and y satisfy the commutation relations of the generators of GLj,(2) (2.1). In this
realization, the central element D is given by

D =xy—uv—hxv=ala} —ala}. 5.7

Note that the central element D remains undeformed in this realization.

Proof. One can verify the commutation relations directly. Here we give some useful
commutation relations for verification: the commutation relations between oy, og and boson
operators,

[or, all] = 2he"Laé [or, alz] = 2he°La§

[0, al] = 2he*al [0k, a3] = 2he*a).
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These are easily verified by using the power series expansion of 7, og: o, = Y oo | (2“*)

These relations can be used to prove the following commutation relations which hold for any

real k:
[ekUL al] 2hke(k+1)0La [ekaL (12] — the(k+1)aLa% (5 8)
[ekUR’ 1] — 2hke(k+1)0'k a [ekdk ] — the(k+l)0'k»a21 .

O

Next let us consider the twisting of D(O)‘i for any values of j by the twist elements F,, Fg.

We denote the doubly twisted D( )] ' DY Dm _m» Since it will be shown later that this DJ m gives
the D-functions for GL;,(2). The computatlon is almost the same as for the case of spinors.
What we need to compute is the twisting of (a VK (az) (az)M (az)N in expression (4.6). The
twisting by F;, reads

® 1\ ~

> (—5) Iy @) @y @)™ @) sgoryn™!

n=0 """

VAN
= (@)D" (@)" @)@ 2>N2k, (_E) (=K +L—M+N)uSso)pn!

= (aD® (@) (@)M(@3)" exp{—(K — L+ M — N)o./2}.
Further twisting by Fx gives
(@) @) @HM @) exp{—(K — L+M — N)op/2+ (K + L — M — N)og/2}. (5.9)
Because of (4.7), wehave K — L+ M — N =2m’and K + L — M — N = 2m. Thus, the

exponential factor in (5.9) is factored out of the sum over K, L, M and N. Therefore, we have
proved the following proposition.

Proposition 5.2. In the realization (4.2), (4.3), the irreducible tensor operators of both left
and right Uy, (gl(2)) are given by

D), ,, = D emowtmor, (5.10)

One can write Drjnm of proposition 5.2 in terms of the generators of GLj(2) by making
use of proposition 5.1. For real A, B,
(@K e@orBon)/2 — (q1)K=1yo(A+DoL/24(B=Dor/2

z(al)l( 1o(A+D)oL /2+(B~ 1)aR/2{e—(A+l)aL/2xe(A+l)aL/Z}.

The expression {- - -} in the last line can be calculated by using (5.8) and gives x — h(A + 1)v.
Thus, we obtain

@ 1)K g(Aor +Bop)/2 _ o(A+K)oL/2+(B—K)or/2

xX(x —h(A+K)v)(x —h(A+K — Dv)---(x —h(A+ 1)v). (5.11)
Similar computation gives three other identities:
(al)LelAo+Bon)/2 — o(A=L)oL/24(B=Lor/2, L
2\ M (401 +BoR)/2 _ o(A+M)oL/2+(B+M)or/2
X —h(B+M)x —h(A+ M)y +h*(A+M)(B+M)v)
X —h(B+M—1)x—h(A+M — 1)y
+h>(A+M — 1)(B+M — 1)v)

X U —h(B+1Dx —h(A+1Dy+h*A+1)(B+ 1))
(a%)Ne(A””B”R)/z — e(A—N)(TL/2+(B+N)(TR/2

(a]

(5.12)

xX(y —h(B+N)v)(h—h(B+N — 1v)---(y — h(B + 1)v).
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The boson operators af commute with one another so that the order of af in D,(,?)ln isirrelevant.
Therefore, we can have different expressions of D, ,, depending on the choice of the order of
boson operators. Here we give two of them, and show that they are the representation functions

of GL,(2).

Proposition 5.3. The D-function for GL;,(2) are given by
DY, =G +m)IG —m)IG +m)(j —m)1}'/?

XgvlU Y
« Z K 'K,L‘,M' K,'L,M,N (513)
KL K'M!L!N!

where Xk, Uk . .m and Y 1.y n are defined by

Xk =x(x+hv) ---(x+h(K — 1)v)

Uk = w—h(K+L)x+h(K—L)y—h*(K*— L*)v)
x(u—h(K+L—Dx+h(K—L+1)y—h*K?>—(L—-1>*v)
XeooX(u—h(K+L-M+Dx+h(K—L+M-—1)y
—h*(K*> = (L — M +1)%v)

Yk oun=0O0—-—h(K+L—-Mv)y—h(K+L—-M-—1)v)

X+ (y—h(K+L—M— N +1)v).

The D-functions have another expression which is

L
UnXg mYk mnv

D)y =G +mOLG = m)IG +m)l( =)} 2y SRR

K,L.M,L

(5.14)

where Uy, Xk m, Yk m, N are defined by

Uy =u@+h(x+y)+h*v) - (u+h(M — D(x+y)+h*(M — 1)*v)

Xxm = (x+hMv)(x +h(M +1)v)--- (x + h(K + M — 1)v)

Yeun = —h(K — M)y —h(K —M —1)v)---(y — h(K — M — N + I)v)v*.

The sum over K, L, M and N runs non-negative integers under the condition (4.7).
Remark. We obtain the D-functions for SL;(2) by putting D = xy — uv — hxv = 1.

Proof. These expressions are obtained by using (5.11) and (5.12). Expression (5.13)
corresponds to the boson ordering (a})*(al)t(a?)(a2)", while (5.14) corresponds to
(@)™ (a))* @)™ (ay)*.

To show that D,J;L,’m are the representation functions of GLj(2), we must verify (2.8).

It is obvious that D), , € GL,(2) and the co-unit of D;,  is easily verified by using
€(x) = €(y) =1, ew) = e(v) = 0. However, it seems to be difficult to verify the
coproduct of D,L,’m by straightforward computation. Instead of verifying the coproduct, we
show that D,J;l,’m satisfy the recurrence relations of proposition 3.5. Note that the recurrence
relations of proposition 3.5 are for SL;(2). The Jordanian deformation of the Lie algebra
gl(2) considered in this paper is the direct sum of the deformed s/(2) and undeformed u(1):
Un(gl(2)) = Uy (s1(2)) @ u(1). This implies that the CGCs for U, (sl(2)) also give the CGCs
for Uy, (gl(2)). Therefore, the D-functions for G L, (2) also satisfy the recurrence relations of
proposition 3.5.
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As an example, we show that the D}L/,m give the solutions to the recurrence relation (ii) of
proposition 3.5. We substitute expression (5.14) of the D-functions into the first term of the
RHS of (ii), then replace the dummy index L with L — 1. It follows that

i1
ViemD} v =G HmlG = mlG k= DG — oY

L
y UnXk . uYk unv

K.L,M,N K'M!L!N!
where the indices K, L, M and N satisfy the condition
K+L=j+m M+N=j—m

. . (5.15)
K+M=j+k—-1 L+N=j—k+1.

For the second term in the RHS of (ii), we use (5.13). Replacing the index N with N — 1, we
obtain

i1
Vi—=mD} (= Qm+1)hv)
—5.mt5

={G+m)!(j —m)(j+k — DI —ky'?
XxviUk o mYko.mn
K'M!L'N!

X Z N
K,L,M,N
where the indices K, L, M and N also satisfy (5.15). Since the expressions (5.13) and (5.14)
are different expressions of the same D-functions, it holds that Uy Xk y Yk m.n vl =
Xk vLUK,L,M Yk .r.m.n. Therefore, the RHS of (ii) reads

kV Uk L mYk.Lmn
K'M'L!N!

[G+m!G—mlG+k=DIG =Y > @+m2

K,L.M,N
=j—k+1D,_, .

The four-term recurrence relation (i) of proposition 3.5 is reduced to a three-term relation,
by eliminating D] _ 1. from (i) and (ii). This recurrence relation is easily solved by using

another expression of D/{,m corresponding to another ordering of boson operators. The suitable
expressions for solving it are the ones obtained from the ordering (a)™ (a3)™ (a})* (a})* and
(aD¥ (@)™ (a))*(a})™. In this way, we can verify that the D;, ,, obtained in this proposition
solve all the recurrence relations given in proposition 3.5. U

Both (5.13) and (5.14), of course, give the generators of GL,(2) for j = % which reflects

proposition 3.4. The D-functions for j = 1 read
224+ hxv 2(ux +huv)  u®+ h(ux +uy + huv)
D! = ( V2xv D +2uv V2(uy + huv) )
v? V2yv y2 + hyv

For SL;(2), i.e. putting D = 1, this coincides with the expression obtained by using

the h-symplecton or quantum h-plane [11]. Chakrabarti and Quesne obtained the D! for

two-parametric Jordanian deformation of GL(2) in the coloured representation through a

contraction technique to the D-functions for standard (g, A)-deformation of GL(2) [9]. To

compare the present D! with the one given in [9], put « = 0,z = 1 in equations (4.20)

and (4.21) of [9]. Then we see that the D-functions for j = 1 of [9] are different from (5.16).

This difference stems from the different choice of the basis of I4,(s/(2)). In [9], the basis

introduced by Ohn [27] is used, that is, the commutation relations of the generators of U}, (s/(2))

are not the same as those of s/(2), while the basis of this paper satisfies the same commutation

(5.16)
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relations as s/(2). This results in different CGCs for the same algebra so that the recurrence
relations for the D-functions have different form. The CGCs for Ohn’s basis are found in [20].
Repeating the same procedure as in section 3.2, we obtain another form of recurrence relations.
It should be easy to verify that the D! of [9] solves these recurrence relations.

5.2. SL,(2) D-Functions and Jacobi polynomials

The purpose of this section is to show that the D-functions for SLj;(2) can be expressed in
terms of Jacobi polynomials. To this end, we return to the boson realization of D-functions
(proposition 5.2) and use the fact that the D-functions for Lie group SL(2) are written in terms
of Jacobi polynomials. Recall the following two facts: (1) the central element D of GLj(2)
is not deformed in the boson realization (5.7), (2) Jacobi polynomials in the D-functions for
SL(2) are power series in the variable z = —ajaj. We write the D-functions Dfr?) fn for SL(2)

in (5.10) in terms of Jacobi polynomials and then use the easily proved relation (azlalz)’ = (uv)"

in order to replace the variable z = —aja} with the h-deformed one z = —uv. Let us consider,

as an example, the case of m’+m > 0, m’ > m. The D,(,?,).f;l are given by (4.11). We rearrange
the order of a}, a} and P{" """ (2) to be P\" """ (z)(a})™ " (a})" ™. Using (5.11)
and (5.12), we see that

(a%)m’—m(all)m’+me—m’aL+maR
=uw+h(x+y)+h*) - (u+h(m —m — D(x+y) +h*m —m —1)%v)
x(x+hm —mv)(x +hm —m —Dv)--- (x +hQ2m’ — Dv).

This completes the expression of D-functions in terms of Jacobi polynomials.
Repeating this process for other cases, we can prove the next proposition.

Proposition 5.4. The D-functions for SL;(2) are written in terms of Jacobi polynomials as
follows:
(i) m+m>=0,m >m
D), = NP (2)

xu(+h(x+y)+h?v) - w+hm —m—1)(x+y)
+h2(m' —m — 1)%v)
x(x+h(m —mv)(x+hm —m —Dv)--- (x +hQ2m' — Dv).

(i) mM +m >0,m <m

D,],Al,,m =N_ P;:Z,J'm’murm)(z)x(x +hv) - (x +h(m' +m — D)y ™",
(i) m+m <0,m >m
D)y = NP " 7" (2)
xu(u+hx+y)+h®v) - @+hm —m—1)(x +y)
+h>(m' —m — 1)%v)

x(y —h(m —mHv)(y —hm —m' — 1v)---(y — hQ2m + 1)v).
(iv) m+m <0,m <m
j (—m'+m,—m’—m)
qu/,m = ]\"*Pj+m/+ (Z)

xv ™" (y = h(m —m"))(y — h(m —m’ — D) -+ (y — h(2m + 1)v).
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The variable 7 is defined by z = —uv and the factors N, N_ by
. , . 1/2 . , . 1/2
j+m j—m j—m j+m
GG =GN
m —m m —m m—m m—m

Remark. The Jacobi polynomials are to the left of the generators of SL;(2). To move P,i“’ﬁ ) (2)
to the right, the relation

(uv)" exp(—m'oy +mog) = exp(—m'op + mog){uv — 2h(—m'yv + mxv) — 4h>mm’v*}"

is used and we see that the Jacobi polynomials are changed to the power series in &y, =
—(u+2h@m'y —mx) — 4h?mm’)v, but the rest of the formulae remain unchanged.

6. Boson realization of GLj, 4(2)

It is natural to generalize the results in the previous section to the two-parametric Jordanian
deformation of GL(2) [28], since the twist element which generates the two-parametric
Jordanian quantum algebra U}, ,(gl(2)) [29,30] is known [31]. Unfortunately, the method
of the previous sections leads us to quite complex calculations. As the first step to obtaining
the D-functions for two-parametric Jordanian quantum group GLj ¢(2), we here give the
boson realization of the generators of GLj 4(2).

The left and right twist elements are given by

g 1
Fi = exp (EUL (39 ZL> exp _EJO R o,

2h

respectively. We can see that the GLj, ,(2) is reduced to GL,(2) when g = 0. Repeating the
same procedure as (5.5), we obtain the twisted boson operators. We can rewrite the twisted
boson operators in terms of the generators G Lj,(2). The next proposition can be regarded as
arealization of GLj, ¢(2) by generators of GL;(2) and Z;, Zg as well.

1
.7:R = exXp <£O'R ® ZR) eXp <_§KO ®O’R)

Proposition 6.1. Let

a=x—gvZy b=u—gxZg —gyZ. + 8 vZ.Zg ©.1)
c=v d=y—gvZp '

where x, u, v and y are given by (5.6). Then a, b, ¢ and d satisfy the commutation relation of
GLj4(2).

Remark. In this realization, the quantum determinants D’ = ad —bc— (h+g)ac for GLj, 4(2)
and D for GL;(2) coincide: D' = D = ala3 — ala?.

Proof. The proof requires lengthy calculation, but is straightforward. The following
commutation relations [28] are verified:

la,b] = —(h +g)(D' — a%) la,c]l = —(h — g)c?
la,d] = (h+g)ac — (h — g)dc [b,c]l =—(h+g)ac — (h — g)cd (6.2)
[b,d] = (h — g)(D' —d?* [c,d] = (h+g)c*.

O
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7. Concluding remarks

In this paper, the explicit formulae of the D-functions for SLj;(2) (and GLj(2)) have been
obtained by using the tensor operator technique. We used the fact that the D-functions for
Lie group G L(2) form irreducible tensor operators of g/(2) @ gIl(2) in the realization (4.2),
(4.3). This kind of tensor operator is called a double irreducible tensor operator in the
literature. The D-functions for G L, (2) were obtained via the construction of double irreducible
tensor operators for Uy, (gl(2)) & Uy (gl(2)). Other examples of double irreducible tensor
operators were considered for g-deformation [32, 33] and for Jordanian deformation [34].
Quesne constructed the GL;,(n) x G L/ (m) covariant bosonic and fermionic algebra which
form the double irreducible tensor operators of Uy, (gl(n)) & Uy (gl(m)) using the contraction
method [34]. This suggests, in the case of n = m = 2 and h = }’, that the bosonic algebra of

1
Quesne has a close relation to D;, , , i.e. the generators of GL;(2).

We also showed that the D-functions for SLj(2) can be expressed in terms of Jacobi
polynomials. Contrary to the g-deformed case where the little g-Jacobi polynomials appear
in the D-functions for SU,(2), the ordinary Jacobi polynomials are associated with the D-
functions for SL;(2). It seems to be a general feature of Jordanian deformation that the
ordinary orthogonal polynomials are associated with the representations. It is known that the
ordinary Gauss hypergeometric functions are associated with the z#-symplecton [11], while the
g-hypergeometric functions are associated with g-deformation of the symplecton.

The extension of the results of this paper to the Jordanian deformation of SL(n) should
be possible, since the explicit expressions for the twist element are known for the Lie algebra
sl(n) [35].
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